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Abstract 

In ordinary Quantum Mechanics only ideally instantaneous obser¬ 
vations of a quantity or a set of compatible quantities are usually 
considered. In an old paper of our group in Milano a formalism was 
introduced for the continuous monitoring of a system during a certain 
interval of time in the framework of a somewhat generalized approach 
to Q. M. The outcome was a distribution of probability on the space 
of all the possible continuous histories of a set of quantities to be con¬ 
sidered as a kind of coarse grained approximation to some ordinary 
quantum observables commuting or not. The main aim was the in¬ 
troduction of a classical level in the context of Quantum Mechanics, 
treating formally a set of basic quantities to he considered as beables 
in the sense of Bell as continuously taken under observation. However 
the effect of such assumption was a permanent modification of the 
Liouville-von Neumann equation for the statistical operator by the 
introduction of a dissipative term which is in conflict with basic con¬ 
servation rules in all reasonable models we had considered. Difficulties 
were even encountered for a relativistic extension of the formalism. In 
this paper I propose a modified version of the original formalism which 
seems to overcome both difficulties. First I study the simple models 
of an harmonic oscillator and a free scalar field in which a coarse grain 
position and a coarse grained field respectively are treated as beables. 
Then I consider the more realistic case of Spinor Electrodynamics in 
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which only certain coarse grained electric and magnetic fields and no 
matter related quantities are introduced as classical variables. 


1 Introduction 

In reference [1] a general formalism was introduced for the treatment of the 
continuous monitoring of a quantity or a set of quantities in the framework 
of Quantum Mechanics. The formalism turns out to be strictly related to a 
more particular one previously proposed by E. B. Davies for the observation 
of the counting times on a system of counters |2]. This is in the context 
of the generalized formulation of Quantum Mechanics (GQM) based on the 
concept of positive operator valued measures (p.o.m.) and operation valued 
measures or instruments, originally proposed by G. Ludwig, E. B. Davies, 
S. Holevo H-H- The outcome is a distribution of probability on the set 
of all the possible continuous histories of the monitored quantities in the 
considered time interval. The class of event subsets is characterized in terms 
of time average of the monitored quantities of the type 

a^(f) = J dt'h{t — t') a^{t '), (1) 

the h{t)s being appropriate weight functions (generalized stochastic process). 

Later various alternative formulations of the theory have been given and 
various aspects developed with interesting applications, particularly in the 
field of Quantum Information and Optics (for a recent presentation see e. g. 
|S] and references therein). 

The original purpose of |T] was, however, to obtain a modification of or¬ 
dinary Quantum Theory, in which an intrinsic classical level for some basic 
macroscopic quantities could be introduced, to solve consistently the problem 
of interpretation of the Theory in the sense of Bohr and of Von Neumann. 
The idea was that certain basic quantities should be chosen once for ever as 
an additional postulate and they should be thought as having at any time a 
well defined value, considered beables in the sense of Bell, by treating them 
formally as continuously observed. Then any other observation on a mi¬ 
croscopic subsystem should be expressed in terms of the modifications that 
its interaction with the remaining part of the world produces in the value 
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of such basic macroscopic quantities. Obviously the theory remain statistic 
and to any possible evolution of the basic quantities a precise probability is 
assigned. Note that, even if in a completely different mathematical frame¬ 
work, similar conceptual ideas seem to be at the basis of the so called theory 
of the consistent histories [6]. With reference to them see however also ref. 

m- 

A signihcant property of the modihed theory is that integrating over all 
possible histories of the basic quantities in a given time interval {tQ,tp) is 
equivalent to introduce a dissipative term in the Liouville-Von Neumann 
evolution equation for the statistical operator in the Schroedinger picture. A 
particular interesting case of such a modihed Liouville-Von Neumann equa¬ 
tion is 

^ = -ilhdhH] - ( 2 ) 
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where A^, A^, ... denote hermitian operators not necessarily each other com¬ 
muting and cti, a 2 , ■ ■ ■ positive constants. Alternatively in Heisenberg picture, 
which we hnd more convenient in this paper, this corresponds to ascribe a 
time dependence to the statistical operator according to the equation 

^ = -5^a,|i^(i).|V(i).P(<)l]. (3) 

3 

In the case the monitored quantities a^, a^, ... may be considered simul¬ 
taneous coarse grained approximations of the ordinary quantum observables 
A^, A^, ... with (a^(t)) = (A^(t)) and the variance ((a^(t) — (aft(t)))^) ex¬ 
pressed as the sum of an intrinsic term independent of p and a minor mod- 
ihcation of the ordinary quantum variance for A^(t). To a^, a^, ... in the 
following we shall conventionally refer as the macroscopic A^, A^, ... 

Notice that eqs. ([2]) or ([3]) are trace and positivity preserving. The dis¬ 
sipative term expresses the permanent effect of the modihcation introduced 
in the theory (formally the perturbation produced by the continuous mon¬ 
itoring), even when any information on the mentioned basic quantities is 
completely disregarded. The above equations make also our theory in con¬ 
tact with theories that introduce ad hoc dissipative terms, as a noise, to 
simulate the interaction of the apparatus with an environment (see in partic¬ 
ular in this connection ref. 0) or theories that want introduce an intrinsic 
progressive decoherence and a spontaneous collapse at a more fundamental 
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level. Theories of the latter type received considerable attention in the last 
thirty years (see e. g. |H] for general revues and complete references; a small 
representative sample, corresponding to various point of view, is reported in 
refs. [T0]-[T3]). 

In our context specihc examples of choice of the basic macroscopic quan¬ 
tities in simple models may be the macroscopic density of particle in a non- 
relativistic second quantization theory with self-interaction, the particle dis¬ 
tribution functions in the classical phase space for a system of electrons and 
protons [13], a macroscopic held for a self-interacting quantum scalar held 
|T]. Unfortunately in all examples we have considered eqs. (|2|) or ([3|) turn out 
to be in conhict with important conservation rules (the energy conservation 
rule in particular) at a level that does not seem compatible with the matter 
stability as presently established (in this connection see however even 

[To]). There are also difficulties to a covariant extension of the formalism to 
a vector held, like the electro-magnetic held, or to a tensor one and, even in 
the case of the scalar held, the additional term in (]2l[3]) would be ill dehned. 

All difficulties seem to be related to the requirement that ai, Q! 2 , ■ • • were 
positive. In this paper we want to show that it is possible to release such 
requirement and signihcant models can be constructed in which by an ap¬ 
propriate choice of the operators A^, A ^,..of the constants ai, 02 ,... and 
of the weight functions h(t) a consistent probability distribution for the his¬ 
tories of related basic quantities can be dehned and the conservation rules 
respected. We have to assume that p is trace 1 and positive at some initial 
time to but it is not necessary that the positivity of p(t) is preserved in time 
to have a positive probability for the quantities of interest. 

Among the above models, it is of particular interest the case of spinor QED 
in which the basic quantities to be considered as classical or beables are the 
macroscopic components of the electromagnetic held, but nothing concerning 
matter. In this case eq. ([2]) becomes 


5a{x) 


2 _ 
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(4) 


where a is a space-like surface passing across x. Note that the form of 
this equation is practically completely determined by Lorentz and gauge 
invariance requirements and that it corresponds to cti, 02 , ... not all positive. 
Furthermore as in any held theory the averages ([T]) in terms of which the 
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probabilities are defined have to be replaced by expressions of the type 

fh''{x) = j d‘^xh{x — x') (5) 

and the restriction on the h{x)s consists in the requirement that only time 
like wave vectors k occur in the Fourier transform h{k) or that they are 
dominant. 

The plan of the paper is the following one. In section 2 we shall review the 
formalism of the continuous monitoring, manly to establish notations, and 
recall the important notion of functional generator. In sect 3 we shall consider 
the case of the harmonic oscillator in the original formulation, assuming 
as basic quantity the macroscopic position and show the positivity of the 
corresponding probability by using path integral techniques; then we extend 
discussion to the case of a free scalar field. In sect. 4 we discuss the problem 
of the conservation rules and in sect. 5 we show how the formalism can 
be consistently modified in order to dispose of the corresponding violation 
always for the harmonic oscillator and the scalar field. In sect. 6 we consider 
the mentioned more significant case of spinorial QED. Finally in sect. 7 we 
summarized the results and try to make some conclusions and additional 
remarks. Some technicalities are confined in the appendices. 


2 Continuous monitoring of a set of quanti¬ 
ties 

In GQM a set of compatible observables A = A^,... A^) is associated 

to a normalized effector positive operator valued measure (p.o.m.) Fa(T) and 
the apparatus Sa for observing them to an instrument or operation valued 
measure (o.v.m.) Fs^iT), T being a Borel subset of the real space of all 
possible values of A. 

That is, Fa(T) and Fs^^iT) are a positive operator on the Hilbert space Ti 
associated to the system and a mapping of the set of the trace class operators 
in itself, respectively, satisfying the relations 

F(Uj.iT, ) = 5^ F(T,) and = Y. , (6) 

j = l» j = l" 
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if 


Ti nTj = 0 


(7) 


and 

= i Tr[J-5^(3fJP)X] = TrX. (8) 

Further they must be related each other by the equation 

F^(,T) ^ r,JT)i, (9) 

where by J^' we denote the dual mapping of J^, dehned by the equation 

Tr BTX =Tr i^X'B^X , (10) 

X being an arbitrary trace class operator and B an arbitrary bounded oper¬ 
ator. So 

Tr[F^(T)X] = Tt[XsAT)X] . (11) 

As we told, we shall hnd convenient to work in Heisenberg picture. Then 
we have 

FA{T,t) = ( 12 ) 

XsAT,t)X = 

and the probability of observing A G T at the time t is 

P{A e T,t\p) = TT[FA{T,t)p] = TT[XsAT,t)p ], (13) 

where p denotes the statistical operator representing the state of the system 
(a priori a mixture state), which we usually indicate by p. 

The reduction of the state as consequence of having observed A G T at 
the time to by the apparatus Sa must be written as 

P -> XsAT, to)p/Tr[J' 5 ^(T, to)p] . (14) 

Notice 

(V) = T:v[A’(t)p] (15) 

with 

Al(t) = e*^*Ale-*^* and = [ dF{a)aF (16) 
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The operators are Hermitian but generally they do not commute. Such a 
set of generalized compatible observables can be interpreted as correspond¬ 
ing to an approximate simultaneous measurement of possibly incompatible 
ordinary observables Ai, A 2 , ... 

Now let us assume that we make repeated independent observations on A 
at subsequent times .. .tN. Combining eqs. o and (HI the Joint 
probability of observing a a sequence of results for A can be written 


P{A G Tjv, tv; ■ ■ ■ A E Ti,ti, A E Tq, to|p) — 

= Tr[J^ SAi'^N, ^n) ... -T 5^(Ti, Sa(^05 ^o)p] (17) 


Notice that 

J^{Tn, • • •; 7^1, ti] To, to) = T” SAi'^N, ^n) ... -Ts^(Ti, ti)J^ Sa(7o, io)) (18) 


and 

FiT]y,tN; ■ ■ ■ ;Ti,ti;To,to) = -7 'sa(^0’^o)'^5a(^1’^ 1 ) • • ■ J^Sa('^^An))I (19) 
define an instrument and a p.o.m. on a real space with p{N + 1) dimensions 

gfjp(V+l) _ 

Then 


P{A E T/v, t^]... ] A E To, to|p) = 

= Tr[T'(TAr, tTv;...; Tq, to)p] 

= Tr[T(TAr, ...; To, to)p] • (20) 

So in GQM the observation of a sequence of results at certain successive 
times can be put on the same foot as the observation of A at a single time. 


2.1 Continuous monitoring 

On analogy with above let us consider the limit case of a set of quantities 
continuously kept under observation. 0 

^Note that in the framework of ordinary quantum mechanics, in which only exact ob¬ 
servations are considered corresponding to projection valued measures, there is a negative 
theorem in connection with this problem, usually recalled as Zeno’s theorem. According 
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Let y be the functional space of all possible histories a{t) = 

... a^(t)) of a set of quantities in a reference time interval {tQ^tp) (where tp 
may be possible taken to +oo) and S the class of the measurable subsets 
of y according to some dehnition to be specihed later. Furthermore let us 
denote by C S the class of the measurable subsets of y corresponding to 
restrictions on the histories only in the interval {ta,h) C {to,tp). 

Then we assume that an instrument and a related p.o.m. 

7{tb,ta]M) and F{tb,ta; M) = y'{tb,ta; M)i (21) 

are dehned, with M G and we interpret 

F(4, ta] M) = Tr[F(4, ta] M)p(ta)] = Tr[J'(4,4; M)p(ta)] (22) 

as the probability of observing a(t) G M during the interval of time (ta, U) 
p(ta) being the statistical operator at the time ta (see later). We shall call 
F(tb,ta, M) and F(tb,ta, M) a positive operator valued stochastic process 
and an operation valued stochastic process (OVSP), respectively. 

We assume that F(tb,ta, M) satisfies the relation 


F(tc, U; N)F(tb, ta, M) = F(tc, ta, N r\M) (23) 

which as above it expresses the independence of the observation of a(t) in 
successive intervals of time. Notice that 

M eTfl, iV G TfflM NnM (24) 


Under the above assumptions, 

P(tc, ta, N r\M) = Tr[F(F, tb, N)F(tb, ta, M)p(tb)] (25) 

to such theorem, if we make repeated observations of the same quantity and let go to 0 the 
interval of time r between two subsequent observations, the value of the quantity is frozen 
to its initial value and does not longer change with time. However, in GQM is possible to 
consider a double limit in which, as r —>■ 0, the observation in itself is made progressively 
less precise in such way that a hnite result is attained. The discussion in this section can 
be thought in this perspective. The result is a generalized stochastic process in the sense 
of Gelfand, in which a set of histories of finite measure of the quantities of interest has to 
be specified in terms successive time averages of the type © of the quantities of interest 
rather then of values assumed at definite times (see subsec. 2.3). 



is the joint probability of observing a{t) G M in the time interval {ta,tb) and 
a(t) E N in the interval {tb,tc). Then let us introduce the mapping 


G(tb, to) = jFitb, ta, 3^) (26) 

and notice that for the normalization requirement it must be trace preserving. 
By setting M = y in (12^ we hnd 

P{tc, h; N) = P{tc, Ta; Nuy) = Tr[F{tc, h; N)g{tb, ta)p]. (27) 

Then for comparison with fl22]) we can set p(4) = G {tbit a) pit a) and so the 
perturbation produced on the system by its continuous observation introduces 
a kind of time dependence on the statistical operator in Heisenberg picture 
that is described by the action of the operator Q{tb,ta). 

As we mentioned in the introduction we shall assume that our basic classi¬ 
cal quantities are formally treated as continuously observed. In this perspec¬ 
tive the OVSP iF{tb, ta] M) must be chosen once for all and considered a part 
of the theory and the action of the related Q{tb, to) expresses the modihcation 
introduced in this way in the dynamics of the ordinary theory. 

2.2 Characteristic functional operator 

On analogy with the usual probability theory, we dehne the functional 
Fourier transform or characteristic functional operator (CFO) 

g{tb,ta;[^{t)]) = j y{tb,ta;VcM)exp i^-i dtC{t)ayt)^ , (28) 

where PcM denotes the measure of an elementary set in the functional space 
y (the index “c” refers to the interpretation of a(t) as a classical history, to 
distinguish the classical functional measure from the quantum path integral 
measure which shall be used in the following). The concept of CFO turns 
out to be very useful not only to study the properties of a given OVSP but 
even to construct such a structure. 

Notice that in terms of Q(tb,ta; [^(t)]) assumption (|2^ becomes 

G{tc, h; [^(t)]) g{tb, ta] [^(t)]) = g{tc, ta, [^(t)]). (29) 
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Then, if we set 


(30) 


S{t + dt,t-, [^(()|) = 1 + «((;{(())*, 

we can write the differential equation 

[^]) = IC{t;^{t))g{t,ta, [^]) , 

that we can formally solve as 


rtb 


G{tb, ta, [^]) = T exp / dtICit; ^(f)) , 

Jta 

T being the usual time ordering prescription. 

Now let us observe that 

g{tb,ta] [0]) = J^{tb,ta]y) = g{tb,ta). 

Then setting ^{t) =0 in flTID we obtain also 

d 


and 


with 


-Q^Git.ta) = C{t) G{t,ta) 


G{tb, ta) = T exp f dtCit ), 
dta 


£(f) = /C(t;0). 

Furthermore, being g{tb,ta) trace preserving, we must have 

Tr{/:(f)p} = 0. 


(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 


Under some additional assumption, eq. fimi and the requirement -F(tb, ta] M) 
and so G{tb,ta) be a positive mapping (actually a completely positive map¬ 
ping) imply C{t) to be of the general form 

p 

C{t)p =-J2 as{R"^R"p + pR"^R" - 2kpk^). (38) 
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as being appropriate positive constants (cf. [T5]b 


Conversely we can set 


J'itb, ta] VcM) = f (tfe, ta] [a(t)]) VcM , (39) 


with 


[a(t)]) = 

•Dc^expjz^^ (40) 

where the measure is normalized in such a way that 

j exp dtC{t) {a\t) - a'"(t))| = 5([a(t)] - [a'(t)]), (41) 

5([a(t)] — [a'{t)]) being the 6 - functional with respect to the measure Vca. 
Formally, this may be achieved assuming the interval {ta, tb) divided in N 


equal; 

parts of amplitude e = (fb - 

■ ta)/N, dehne 



/ 



( e \^p/2 


VcM 

= Vca = 

-) d%... 

d^ajsf , 


■ - , 




(42) 

and 








, /27r 

\ Np/2 




6 ([a(t)] 

-wm = l- 


h^(ai — a' 2 ) ... 5{aM — a!n)i 

(43) 


to be understood in the limit N ^ oo. 


Eqs. fl3^ and fl40|l enable us to reconstruct J^{tb,ta] M) given Q(tb,ta; [^]) 
or IC(t,^{t)). Naturally, JC(t,^(t)) has to be of an appropriate form in order 
that f(ti,to; [o(^)])) as dehned by (14n|l be completely positive. 

Two such forms are known: the Gaussian form, the Poissonian form and 
obviously a sum of the two. 

Gaussian form: 



K{t,m)p = mp -+pR''w> - tl 


S=1 


S=1 
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Poissonian form: 






l){R\t)pR^\t)) . (45) 


S=1 


Notice that from fl40l) . fHTj) we have 


Pcaf(4,4; [a(t)]) = i 5{[f])Q{RRaAi]) = Gi^bRa) (46) 


and so 


Vrali: {{{th.ta, [n(0])p(^a)} ^ Trp(ia) ^ 1 - 


(47) 


Likewise, for the momenta of the components of a{t) at certain definite times 
ti, ^ 2 , • • • tw in the interval (ta, R) 


= / DcU a''Rt2)... 


Tr {f(4, ta, [a(t)])p(4)} = Tr 




In particular we have for the expectation value of a single component 

5 


(48) 


€=o 


{aRt)) = Tr 
= Tr 


[ mt) 

d 


G{tb, ta] [^])| 5=0 P{ta) 


(49) 


G{tb, t) i — IC{t, 0 1^=0 G{t, ta) p{ta 


= Tr[A" g{t,ta) p{ta)] 


with 


in the Gaussian case and 


A‘{i) = R‘(t) + R‘<(t) 


A‘(t) = 


(50) 

(51) 


in the Poissonian case. 

Therefore we can talk of a^(f), a^(f),..., a^(f) as the value at time t of 
the macroscopic or, in our interpretation, the classical counterpart of the 
quantum observable associated to even if A^, A'^,... ,Ap do not each others 
commute. 
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For the second momenta we have 


(a"(t) a"'(t')) = S{t- t') Tr | ^ G{t, ta)p 


C=o 


-9it - t') Tr { t') G{t\ Qp 






-9{t' -t)TT{ Qp 






C=o 

«=o’ 


(52) 


The occurrence of the 6 term in eq. fl52|) shows that only time averages of 
the type 




dt h{t) ■ a{t) = 


p 


dt h^{t)a^{t ), 

S = 1 


(53) 


are significant, where the weight functions h(t) = (h^(t),..., h^(t))are ele¬ 
ments of the dual space y'. Therefore the class S of the measurable set in y 
should be defined in terms of such quantities (cf. the following subsection). 
More simply, we may refer to density of probability of the form 


p{ai, hi; a2, h2-, .. .ai, hi) = (54) 

= j Vca6{ai - dhj • ..6{ai - a/,J Tr {f(4, [a])p} = j dki... 

.. j T>cae-*(^i“'*i+-^*“'‘*)Tr{f(4,4; [a]) p] = 

= j^i Jdki... dki {g{U, 4; [Aq/q + ... kihi] p} , 

where hi{t), h 2 {t),... hi{t) are independent elements of y with support in 
{taih). A sensible choice could be 

hj{t) = [n] hit - tj), v?- hit - tj), ... inF-hit - tj)) , (55) 

h{t) being a function different from zero only in a narrow neighbouring of 
f = 0 such that J dth{t) = 1 ; rij for j = 1,2,.../ unitary vectors in 
the euclidean p dimensional space R^; fi, t 25 • • • U certain intermediate times 
between ta and t}y. 
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2.3 Characterization of the history space y and of the 
measurable set class E 

Typically one can choose y = £' x £' x ... S' and y' = £ x £ x .. .£, 
where £ is the class of the function with compact support in the f-axis 
and inhnitely differentiable everywhere with the possible exception of hnite 
discontinuities on the border of the support and £' the dual space of £ (a 
subset of the Schwartz distribution space; punctual spectrum is not allowed). 
The possibility of hnite discontinuities on the border has to be admitted to 
give full meaning to eq. fl2^ . 

Furthermore we recall that, if hi{t), h 2 {t),... hi{t) are a set of elements of 
y' as above and B a Borel set in the subset of y 

C{hi, h2,... hn] B) = {a(f) G y; {ah^,ah^ ... G B} (56) 

is called a cylinder set. Then E can be identihed with the cr-algebra generated 
by all the cylinder sets for any choice of n, R C R" and of hi,h 2 ,... hn. The 
sub-algebra is the same, but with hj with support in the interval {ta, h).. 


3 Two specific Gaussian examples 

Let us now consider two specihc simple examples, the case of a non rela¬ 
tivistic harmonic oscillator and the case of a relativistic scalar held in which 
the quantities continuously monitored are a macroscopic position q{t) and a 
macroscopic field (p{x) respectively in the sense of eq. flSH . 

3.1 Harmonic oscillator 

Let us write the Lagrangian 

L = , 

the quantum Hamiltonian 

A = i (P= + , 


(57) 

(58) 
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and commutation rules 


lQ{t),P{t)] =i- 


(59) 


Then we assume in fl38l HI]) 


R(t) = R\t) = 1q(«) 

(60) 

and consequently 

>c(t)p = -^[Q,[Q, p]] 

(61) 

and 


fy ^ ^ 1 /V, 1 

^itm)P = -4 [Q, [Q, p]] - ^miQrp] - ^eit) , 

(62) 

a being a positive constant. 


In view of the following developments we want reproduce a proof of the 
positivity of the corresponding i(th,ta;[q(t)]) as dehned according to fl40|) 


using the formalism of the path integral [T]. Actually, in the perspective of 
our interpretation, we shall refer to the entire interval (tp, to), the restriction 
to a sub-interval being then trivial. 

Let us divide the interval (tp^to) in N inhnitesimal parts with e = {tp — 
tQ)/N and tj = to + je. Let us also set to simplify notation 


PKl(*) = S{t,h; [{])()o. 


(63) 


We have 

( Q. ^ 

{Qitj)P[dtj) + p[dtj)Qitj)) - j (64) 


and, denoting by \Q,t) the eigenstates of Q{t), 


(Qj+i, ^j+i\P[^]i^j+i)\Qj+iy tj+i) 



{Qj+ijtj + ^\Qjj^j){Qjjtj\P[i]{^j)\Qjjtj){Qjj^j\Qj+iJ^j + e) 

Si 


a 




4q; 
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dQjdP. fdQ'.dP' 


271 


2 ^ exp I [iPj{Qj+i - Qj) - -{Pf + 


{Qj,tj\pi^]{tj)\Q'j,tj) exp 


exp 

dQj dQ'j 

27ie 


-e I jiQj - Q'jf + + Q'j) + I 




■ exp 


3 ^ ^ 

-^{Qj - Q'jf + ^^j{Qj + Q'j) + 


+2 (^~iQj+^ ~ Qj)^ ~ ~ 2 ~ 

'{Qji^j\p[i]{^j)\Qji^j) ■ 

Iterating eq. fl65|) we obtain finally for the characteristic operator 
{QF,'tF\Q{tF, to; ['C])Po|Qf, t^) = {QF,tF\p[p\{tF)\Q'p,tF) = 

= JdQoJ dQo (Qo,to|po|Q'to) Jt^qJ W 

N -1 , , .2 

^{Q3-Q',)^ + -^UQ3 + Q',) + ^ 


exp ^ 

3=0 


(65) 


( 66 ) 


((Wj+i - Qi)" - ^ (((Q'+I - Q',? - } 


where we have set Qat = Qf, QQ = Qfj 

1 

, 1 

VQ=‘ 


n 


2Fel AA 
i=i 


(67) 


(the usual Feynman measure) and similarly for PQ' . 

Having in mind the ideal limit N —)■ cxo, we can also write in the continuous 
notation 

(Qf, tF|^(tF, to; ['C])Po|QF,ti7) = (68) 

/ (■ rQp rQ'p 

dQo / dQ', {QoMPoIQ'oM / VQ / VQ' 

J J Qq J Qq 

exp dt |— ~ Q')'^ P '-jiiQ P Q') P ^ 
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+1 

where by the extremes in the functional integral we mean that the integration 
is performed keeping the initial and final values of Q{t) and Q'{t) fixed, i. e. 
under the condition Q(fo) = Qo, Qitp) = Qf and Q'ito) = Qg, Q'itp) = 
Q'p. Note that fl66l) is the path integral equation corresponding to ([32]). 

Let us then calculate the operation [q{t)]) according eq. (HOjl . q{t) 

being now the macroscopic position of the oscillator 


{QF,tF\iitp,to][q{t)])po\Qp,tp) — (69) 

= [ Pc^expii [ dt^{t)q{t)\{Qp,tp\g{tp,to] [^])Po|Qf,= 


'to 


cQf 


rQ'p 


— / dQo / dQ'f) (Qo,^ oIpoIQo,^ o) / / T^Q' 


'Qo 


'Qo 


2f 


N-l f N—\ 




i=i 


N-l 


exp 


3=0 


( 4 (Qj “ Q'jf + + Q'j) ^ 


+1 - Qi)" - - 5 ()(«;+! - Q'if- - 


2mi 2 
3 


"Qf 


"Qp 


= (2a)- / dQo / dQ'o (Qo,to|/5o|Qo,to) / VQ / VQ' 


' Qo 


'Qo 


exp {“Y 

3=0 


or, in the continuous limit. 


(Qf, ^F|f(^F, ^o; [q'(Q])Po|Qf) ^f) — 

Ca J" dQo ^ dQg (Qo, ^0 Ipo IQo, Q) 

rtp 

'to 


"Qf 


"Q'p 


Qo 


VQ / VQ' 
Jq'o 


exp 


* \((« “ Qf + (9 - Q'f) 


+ 1 _ * (-( 2-2 _ ^ 2 (J, 2 ^ _ 


(70) 
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where Ca is a normalization constant formally infinite in the limit N 
oo , which may be possibly incorporated in the classic measure (T>'^q = 
{2a)^Vcq = {^)^dqodqi. ..dq^-i). 

In operator notation we can also write 


f(tF,to; [q{t)])po = Ca Texp 

r 

'to 


a 

2 


rti 


dt{q{t) - Q{t)f 


'to 


P 


■ Tt 


exp 


a 

2 


dt (g(t) -Q{t)f 


(71) 


Eq. (1701) or fITTD shows that [<?(^)]) is a (completely) positive map¬ 

ping. 

Notice that eqs. flSU]) and flS7]) become 


= Tr |Q(t)^(t,to)po} 


(72) 


{(l{t)q{t')) = ^S{t - t') (73) 

+ e{t-t')^TT {Q{t)g{t,t'){Q{t'), g{t', to)po}) 

+ d{t’ -t)^TT (^Q{t')g{t',t){Q{t), g{t, to)po}) • 


Then, let us introduce the quantity (cf. eq. flS5]) i 



dt” h{t - t”) q{t”) 


(74) 


and set 

(i(t))QM = Tr (^i(t)^(t,to)po) , (75) 

as the most direct analogous quantity to the ordinary Quantum Mechanics 
expectation value. Typical assumptions for h{t) may be 


h(t) 





( 76 ) 


X(-:^,tL){t) being the characteristic function of the interval (—|, |) . 
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We have 


(77) 


{Qh{t)) — (Q/i(^))qM 
and, e. g. for the first choice, 

- {qh{t))f) = ^ ^ (Qhit) - {Qh{t))q,u) ^ , (78) 

in case r is so small that Q{t, t') can be replaced by the identity for t — t'<T. 

The first term in (1731) or (ITHD has no counterpart in ordinary quantum 
theory and is what we have called the intrinsic part of the variance is the 
introduction. 

3.2 Real scalar field 

To extend the formalism of sect. 2 to helds and make the theory relativistic 
covariant, eq. (1^ has to be replaced by 

b'(^)]) = j{.x))g{a, cTo; [j{x )]), (79) 

where x = (t,x), a and cxo are spacelike hypersurfaces and )C{x, j{x)) is 
expressed only in terms of held operators in the point x. 

Note that, in order the above equation to be consistent, the following 
condition has to be satished on a 

lC{x, j{x))lC{x\ j{x')) = 1C{x', j{x'))lC{x, j{x)). (80) 

Furthermore, identifying a and cxo with time constant hyperplanes and inte¬ 
grating over the space coordinates, eq. d79|) becomes 

d f 

\j]) = J d^x/C(f,x; j{x))g{t,to-, [j]) , (81) 

which is of the general form fl3Tl) with x playing the role of a component 
index (cf. eq. fj44ll . 

Then let us consider the case of a free real scalar held with density of 
Lagrangian 

L{x) = ^{df,(p{x) d^ip{x) - m? (f^(x)). (82) 
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The canonical equal time commutation relation are 

|i^(x),<^(i')|et = 0, l<fi{x),i(x')]^T ^ iS(x-x'), [7r(x), #(x')Iet = 0 , 

(83) 

with 7t(x) = do(p(x) and the energy-momentum tensor 

f^u{x) = dfx0{x) d^(p{x) - gixuL{x). (84) 

The macroscopic held 0(x) is introduced by setting 

C{x)p= ~[^{x),[^{x),p\] (85) 

and 

lC{x, j{x))p = C{x)p-'^-j{x){0{x),p] - ^‘^{.x)p. ( 86 ) 

It can be checked that the consistency condition is satished if 

[(^(x), p>{x')] = 0 , for x' out of the light cone of x , (87) 

what of course follows from eq. (l83ll and Lorentz invariance. 

Eq. (l79p or flSTl) can be integrated in terms of a path integral as in the case 
of the harmonic oscillator and completely similar developments can be per¬ 
formed. The main difference is that now the space-time region between the 
initial and hnal hypersurfaces (Tq and ap has to be divided in four-dimensional 
cells of side e (possibly restricting initially the three-dimensional space to a 
hnite volume V and then considering the limit e —)■ 0 and V —)■ cxd) and 
correspondingly the time integration has to be replaced by a space-time in¬ 
tegration. 

So instead of fl 68 |l we have 

(pp,apjg(ap, ao; b'])pol7^F, = (88) 

(7'o,f^o|po|7^o,f^o) / Vp Vp' 

J (^Q J 

exp y d‘^x\^-(^{p-p'Y+^-i{p + p') + ^ 

+ ^ - m^p^) - ^ {dfxp' d>^p' - m^p'^) | , 
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where \^,a) are the simultaneous eigenstates of (p{x) for x on the spacelike 
hypersurface a , 


(p{x)\ip^a) = ip{x)\ip,a) for any xEa, 


(89) 


Dip denotes the functional measure in the space of the ip{x)s regarded as 
functions in the four dimensional space and V„ip the analogous measure 
for (p{x) regarded as functions on the three-dimensional surface a, i.e. (for 
simplicity specihcally referring to the case in which uo and ap are equal time 
hyperplanes, t = and t = tp) 



(90) 


N and Ncr being the total number of cells in which the spacetime region 
delimited by the volume V and the surfaces ag and ap is divided and the 
number of cells intersected by the surface sigma, respectively, e and S the 
time and the space side of each cell. 

We have also instead of fITTD 



(91) 


and 



= Tr [g{a, aQ)po] = ((^(x))qm , 
cr being any spacelike surface trough x, and furthermore 


(92) 


{4>(x)4>(x')) = - x') 

2a 

- t') \ Tr [lp{x) Q{a, a'){ip{x'), g{a', cro)po}] 
+^(^' o-o)po}] • 


(93) 
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In place of eq. (^^ we have to consider spacetime averages of the type 



d‘^x'h{x' — x)(j){x '), 


(94) 


where for instance 



(95) 


oj being a four-dimensional cube of side a centered on the origin, and for a 
sufficiently small 


((0ft(x) - ■ (96) 


4 Problems with the conservation laws 

At this point we may note that equations of the type (IbTll and (l85il are in 
conflict with the law of energy conservation, what does not seems acceptable 
in the prospective we are pursuing of a modihcation of ordinary Quantum 
Theory. 

In the present framework, for energy conservation we intend the conserva¬ 
tion of (.^)qm 

In fact for any given observable one has 


d - dA r - (9 

^(-4(t))QM = Tr —g{t,to)p +Tr A{t)—g{t,to)p 




= (^)QM + Tr [(£'(«)#)) 


(97) 


i. e. 


4(i(«))Q„=(^ + £'(()iM)QM. 


(98) 


where by £' we denote the dual mapping of C (see (HI). 
For the harmonic oscillator we have 


C'{t)A{t) = -^[[A{t),Q{t)],Q{t)] = -^[Q{t)[Q{t),A{t)]]. 
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(99) 














( 100 ) 


Consequently, since obviously = 0, 

n ^ ^ C\ 

and the energy is no longer conserved. 

In a similar way for the real scalar held 

= +1 <iVc'((.y)r“‘'(i,x))QM = (loi) 

which is not only different from 0 but even inhnite and non-covariant, showing 
that C{x) as given by fl85|) is hill dehned. 

At a formal level the above difficulty can be overcome modifying the deh- 
nition of C{t) and C{x). 

For the harmonic oscillator we can replace 0611) with 

m = -J (lf'((),|P((),iil] -i.>"|Q((),|Q(i)./3||) (102) 

= -j (lO(«).l<3(i).i311 !<?(*). p11) . 

7 being now an adimensional constant. Then we have immediately 

C'{t)H = 0 => 1(^)qm = 0. (103) 

at 

Similarly for the scalar held we can take 

C{x)p= ~{[d^(p{x),[d^f){x),p]] -m‘^[(p{x),[ip{x),p]]); (104) 

and then again 

/:'(f,y)f°"(f,x) = 0 ^ a^(f^"(a;))QM = 0. (105) 

Note the similarity between the factors multiplying — ^ in fll02p and O104p 
and the corresponding Lagrangian and density of Lagrangian fl57l) and flHTp 
respectively. 
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Note also that with the dehnitions 01021 ) and O104p the mappings 
and ^(cT, (To) are no longer positive. E. g. we can write 

5{t + c,t)p = p - ^(l-P(t), [/■((). p]] - w^[(j(i), [(j(t),p]]) = (106) 

= {1 - ‘-jiP" - ‘^V}{/5 + ‘-^(PpP - i^^QpQm - ^iP^ - 

and in the last line the middle factor is not positive in general. 

However we shall show that the dehnition of /C(f, [^]) and /C(a:, [j]) can be 
modihed in a corresponding way that the densities f to] [5']) and f ((Tf, (Tq; [(/>]) 

remain positive. 


5 Modified formalism 


5.1 Harmonic oscillator 


According to O102p we assume 


i^iPip =-ji[P(OAP(P),p]]-^^[QP)AQP),p]]) 


(107) 


and correspondingly take 


Op = ^{t)--Ot){Q{t)Op } 


where 


1 A 1 


/ dt'G{t - t') Ot) Of) O 

27 Jt, 


1 1 

^ _L / - 


(108) 




T ^ 2f /__ P -' ’2 




(109) 


(T = tp — to, kn = -yr^, n = 0, ±1, ±2 ,...) is the solution of the equation 


K G{t -t') = -{^+ uO Git - t') = 5it - t') 


( 110 ) 
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i.e. it is the inverse of the differential operator K . Obviously we can also 
write 


K{t - t') = K6{t - t') = 

-I CO ^ pQQ 


^2^ gifc(t-t') _ (111) 


Note that, with our modihed dehnition, JC{t,^) depends not only on the 
value of ^ at the time t, as in flM|l . but on its the entire history before t. 
Even with Qith, ta] [^])) defined as in (13^ . therefore, it has to be equally 
understood that the integral in t' is extended from to t. Then eq. (1^ 
and consequently 

Gitc, h) g{U, ta) = g{tc, ta) (112) 

remain formally valid. On the contrary, strictly speaking Eq. fl25]l is no 
longer an exact equation; however, as we shall see, it remains valid as a good 
approximation for all practical purposes. 

According (11071 llOSp now instead of fl 6 T|) we have 

mi^i+i) = pid^i) - ( 113 ) 

+^^it){Q{ti), P[^]{ti)} + ^ dt'G{ti - t') ^{ti)^{t') Pi^]{ti)^ 

and, by appropriately inserting completenesses in the momentum eigenvec¬ 
tors. 


{Qi+l: ^i+1 |P[C] (^*+l) IQj+1) ^i+l) ~ 

fdQidPi fdQ[dP' 

J 271 J 271 


i 


Pi{Qi+l ~ Qi) 



exp [(Pi - Plf - u^Q, - Q'p] - 



^In the expression as an integral in eq. (110911 some kind of regularization has to be 
assumed. At the discrete level this amounts to make a choice for the ratio between T and 
the classic period in order to avoid that some kn coincides with ±a;. The principal 
value prescription obviously corresponds to assume ^ to be an half odd integer. However, 
since actually,as we shall see, we can restrict ourselves to values of |A:„| > uj the specific 
choice turns out to be irrelevant 
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exp < i 


27 ^ 

' i=o 

^^'(q:+i - Q'i) -)]} (Qi. i.i/’Kiie:. = 


27re 


i /I 


rfQi / rfQ'exp 


- ((Qi+l ~ Qi)' 




+ 


( 114 ) 


2 Ve 


i fl 


+ 0 -(Q.+i - - eu^Qi - - -(Q'+i - Q')^ - eu^Q',^ - 


2 Ve 


-i^ii{.Qi + Q'i) - (<5i, U\PG[i]i:ti)\Q'i, U), 

where Gij stays for an appropriate discretization of G{t — t'), to be specified 
later, and the prime in the snm indicates that the diagonal elements Ga mnst 
to be mnltiplied for ^ so that by exploiting the symmetry of snch qnantity 

we can write EJU = I E*=o^ Ef=o^ 

Iterating eq. flll4p over the entire interval (to, tp) with the same dehnitions 
as in ([HZD, we obtain 


to] ['C])Po|Qf, t_p) — 

= J dQo j (IQ'q {Qo,to\po\Q'to) 

N-l 


pQf rQ'p 
/ VQ / VQ' 
Qo '' Q'o 


exp^ 


i=0 


1 

’4 


((Q.+I - Qi) - (Q:+i - Q'i)) - - Q'i)' 


+5 (i(Oi+i - Q,)^ - - 5 (i(o;+i - 0 ')" - 


~(i{Q, + Q'i)-^J2'^-Mi 

^ j=0 


2V.V-V. . -V.. 27^ 


rQp 


"Q'f 


= dQo dQ', {QoMMQ'to) / VQ / VQ' 


'Qo 


'Q'o 


N 


exp 




J,j=0 


— Q'i){Qj ~ Q'j) + 'jQiQj ~ 'jQ'iQ'i 
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(115) 


ie 


N-l 


i=o 


N-l 


4 ^ 'Yh f ’ 


i,j=0 


where we have set again Qn = Qf and Q'jy = Q'p and denoted by Kij the 
(iV + 1) X (A^ + 1) matrix 




/1 - eW 

-1 

0 

0 

0 \ 

-1 

2 - 

-1 

0 

0 

0 

-1 

2 - e ^ a ;^ 

0 

0 

0 

0 

0 

... 2 - 

-1 

V 0 

0 

0 

-1 

1 / 


(116) 


which obviously provides a discretization of fillip . 

Now, let us denote by Ktj the N x N matrix obtained by suppressing the 
last row and column in Kij. For N sufficiently large (e small) Kij turns out to 
be positive (App. B) Furthermore, while det Kij = 0|e=05 if is det Kij\^=Q = 1. 
Then we can chose Gij = ^K~j^, which is also a positive matrix, and we have 


N-l 


\271 


N 

27 \ 2 


exp 


N -2 

-7^ 

i,j=0 


Qi - 


j=0 

Qi + Qi 


N-l 


d^o... d^N-i exp <1 ie ^ ^j ( qj - J _ ^ ^ ^.< 7 . . 


Kij Qj - 


Qj + Q'j 


i,j=0 


(117) 


Finally, by similar manipulations to those performed in dSH]), we obtain 


{QF,tF\i(tF, to] [q(t)]) po\Q'p,tF) — ^ / dQodQ'f- 


N 

27\ 2 


/•Qf ^ ^ 

/ VQ exp 
■JQo j=o 


1 

2 


^ ((*?*+! Qi+l) idi Qi)) 


— Qi)^] + - -{Qi+i — Qi)'^ — cj'^Qi [■ (QoIpoIQo) 


rQ'p N —2 ^ p.. 

/ ^ VQ’ exp Y\~^ ~ “ ^^+ 1 ) “ ~ ^’i)y 

“'Qo 1=0 f f 
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( 118 ) 


— uP'e^Qi — Q'iY~\ + 




exp 


^ [{Qf - Q'pf - 2(Qf - Q'f){Qn-i - Q'n-1 


Eq. flllSp is analogous to eq. fl6^ for the original formalism apart from 
the occurrence under the integral of the last exponential factor 

exp 1“^ [{Qf - Q'pf - 2(Qf - Q'f){Qn-i - Qjv-i)] } • (119) 

Equivalently, by setting 


_ Qf + Q'f 
Qn = Qf = -- 


( 120 ) 


we can omit the factor (111911 and extend the sum in (111811 to iV — 1. 

The fact that (IllQb or qf in (I120p depend on both the primed and unprimed 
variables prevents us from concluding that f(fF, to; [^'(t)]) is positive. On the 
other side, when we dehne the mapping for restrict intervals f{tb, ta] [Q{t)]), 
the factor (111911 is essential for the validity of the equation 


f(tc, ta, [g(t)]) = f(tc, h; [g(t)])f(tfe, 0; [g(t)]), (121) 

corresponding to eq (ESj). However, for Qf = Q'f the factor (111911 reduces to 
1 and f(tF, to; [^'(t)]) coincides with f(ti?, to; [q'(t)]), dehned by the same eq. 
(IllSp as it stays but omitting the factor (I119p and, obviously, f(ti?, to; [^'(t)]) 
is positive. Then even the functional probability density 

P (tF, to; [g(t)]) = Tr {i{tF, to; [g(t)]) po} = Tr {i{tF, to; [g(t)])po} (122) 

is positive and this is what matters. 

As in sec. 3, in the limit N ^ oo eqs. (I114p and (IllSp can be formally 
written 


{QF,tF\G{tF, to; ['C])Po|Qf, ti?) — 


— J dQo J dQ'^ (Qo) to|po|Q^ to) 

ftp 


rQp rQ'p 

VQ / VQ' 


exp 


dt < — 


'to 


7 


Qo 

2//n /n'\2 


(Q - Q'Y - u\Q - Q') 


Q'o 

+ 





























+\(Q" - - 

-\i(Q + <?')- ^ j‘' dt'm G(t - f) m I (123) 


and 


(Qf, to; [q{^)]) poIQ'f^'^f) — 


N 

27 \ 2 


"Qf 


Hf 


' Qo 


'to 


7 


e 

VQ exp I dt'\--^ {q-QY - oj‘^{q-QY 


dQ odQ Q 
+ 


+-{Q^-u^QY\{Qo\MQo) 


oQ'f 


rtp 


'Qo 


'to 


1 


VQ'exp I dt' { [{q - Q'Y - u\q, - Q')^ 


+ 


+ -{Q'^-u:^QY\ . 


or in operator form 

f(«F,|?(«)l)/5o = 


(124) 


(125) 
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= (7^ T exp I dt [{q{t) - Q{t)Y - uj^{q{t) - Q{t)Y] 


'to 


po TI’ exp < - 


7 


rtp 


dt [{q{t) - Q{t)Y - uj^iq{t) - Q{t)Y 


'to 


Actnally eqs. (112311126^ reqnires some comments. 


What grants convergence of the integral in eq. (Illhh . when performed step 
by step, it is the prevalence of the terms in 1/e in the exponent over the terms 
in e. This circnmstance may be clearly illnstrated on the similar case of the 
nsnal Feynman expression of the ordinary amplitnde {Qf, tF\Qo, to) for the 
harmonic oscillator, which can be calcnlated exactly and remains valid even 
for an imaginary mass m = ip with positive p (App. A). The positivity of 
the matrices Kij and Gij = grants that the convergence of the integrals 
in flll7p and 01181) is even absolnte. We have 


Af-l 


(126) 
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for any (^i, ^ 2 , • • • ^n-i), that in the limit wonld correspond to 



rtp 


dt'at)G{t-t')at') = 


Uq 

00 


^ \ ~ 

^ .L 


dkC{k)V 


k=—oo 


k"^ — up' 


e(/c)>0, (127) 


where ’s are the Fonrier coefficients and ^{k) ~ 
transform. 



the Fonrier 


Snch circumstances are somewhat surprising. The kernel K{t — t') = 
— (^ — and its inverse — are not positive in tp) and 

the meaning of eq, fll231ll26p seems to be questionable. Actually this shows 
that the specihc limit procedure by which the functional integrals have been 
dehned and the continuous kernel G{t — t') approached is crucial. Specihcally 
it implies that only the Fourier components of Q{t) —Qc{t), Q'{t) — Q'^{t) and 
with |fc| > a; give non vanishing contribution in the integrals, Qc{t) and 
Q'cif) denoting the solutions of the classical equation of motion satisfying the 
conditions 


Qc{to) 

— Qo 5 

Qcitp) — Qf 

(128) 

Q'ci^o) 

= Qo ! 

Q'c{^f) = Q'p ■ 

(129) 


This fact can be also explicit checked by considering the continuous func¬ 
tion Q{t) and Q{t') obtained by interpolating linearly the discrete values 
Qo, Qi) ■ ■ ■ Qf and Qo, Q), • • • Q'p respectively (App. C); their components 
with \k\ < uj vanish for e ^ 0. 

Alternatively, to be able to proceed directly in the more appealing contin¬ 
uous formalism, by using only general properties of the functional integral, 
it is convenient to assume explicitly that all the functions of interest, Q{t), 
Q'(t), ^(t) (and consequently g(t)) are restricted to the subspace with Fourier 
components with \k\ > u and that the boundary conditions. 


'C(^o) = ^{tp) = 0 


(130) 


and 

9'(^o) = 2^Qo + Qo)^ 


Qi'tp) —-{Qp + Qp). (131) 
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holdj^ In fact a crucial point is the integral flll7p in which the translational 
invariance of the measure T>ci{t) has been used. 

In practice, once that eq. fll23p has been established, the milder assump¬ 
tion expressed by eq. (11271) is sufficient for what concerns ^{t). This enables 
us to avoid complicate discussions about the behaviour of ^{k) for k ^ co, 
to exploit the principal value prescription in fllOQp and to include the border 
value k = 00 and so the classical solutions explicitly in considerations. 

Now notice that, according to Eq. (ED]), we have {qit)) = (Q(t))QM and 
since C'{t)Q{t) and C'{t)P{t) vanish, as it can be immediately checked, we 
have, as in ordinary Quantum Mechanics, 

^(Q(^))qm = (.P(t))QM, ^(-P(^))qm =-w^(Q(^))qm (132) 

So {q{t)) is an exact solution of the classical equation of motion as expected, 

i.e. 

{q{t)) = {Q{t))QM = C cos{ut + 6) . (133) 

Furthermore, if we introduce the time average (cf. eq. (JUP) 

Qhit) = j dt'hit - t')q{t') (134) 

we can write 

{(lh{t)) = to] [kh])po} |fc=o = {Qh{t))QM (135) 

and, under the assumption of an effective support of h{t) sufficiently small 
as in eq. flTHp . 

^2 

{{qh - {qh)f) = -^Tr{^(fF,to; [kh])po} |fc=o - {qhf = 

= ^ + {{qh-mf)QM, (136) 

where 

Ghh = j dt j dt'h{t)G{t-t')h{t') = j dkh*{k)V h{k), (137) 

^Note that this is also the condition under which the classic action is actually minimal 
for Q{t) = Qdt) 
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h{k) being the Fourier transform of h{t). 

More explicitly, according to eq. (IMll we can also write 


piqi, hi; q 2 , h 2 ;.. ■ qi, hi) = 

= ^ / dkidk2.. .dkie^^’^^^^+---’^^^h^^{g^tF,to;[kihi + .. 


"Qf 


"Qf 


ctp 


= / dQp / dQo .dQo {Qo, to\po\Qo, to) / exp / dt 


'Qo 


'Q'o 


-7 


7\ 2 


'to 

(Q - Qr - - Q')^] + - liQ" - 

Qhr + Q'hr 


ttJ (detCr-s))^/^ 


exp S -7 - 


r^-i / + Qhs 

^rs Is -- 


(138) 


with 


Grs = dt dt'hr{t) G{t — t') hs{t'). 


(139) 


Consistently with assumption (11271) h{t) and hi{t),... hi{t) must be such 
Ghh or the matrix Grs be positive. Taking into account that 



dkP 


k^ 




0 , 


( 140 ) 


it is clear that eq. (1761) 1 does not longer provides correct choices. On the 
contrary an admissible choice would be 


— 

h(t) = A e~^ cos kt , 


( 141 ) 


with T k > u and somewhat larger than —. This is not a positive 

dehnite function but it is normalized to 1 , if A = — 1 = . 

’ TsJf 

Indeed, the Fourier transform of (I14ip is 


h{k) 




1 

,— e 4 cosh-. 

2 

(142) 
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For k > — this quantity develops two symmetrical maxima which become 
soon very close to —k and k (for = | we have already /cmax — 0.95fc) and Ghh 
becomes positive. So the factor coskt has simply the role of projecting q{t) 
or equivalently G{t — t') on a manifold in which the Fourier component with 
\k\> u are dominant. Note that, if we introduce explicitly the corresponding 
restrictions on the spectrum of such functions, for k not too large (11411) is 
conceptually equivalent to a pure Gaussian. 

For the choice fll4ip with car -C 1 and kr of the order of few units we find 


{(Ihit)) = j dt'hit - t'){Q{t'))QM = 

kuT^ 


= Ge- 


cosh 


cos {oot + a) ~ (7 cos {oot + a). (143) 


For what concerns Ghh and so the intrinsic component of the fluctuation in 
fll36p . a rough estimate gives 


G, 


hh 


k"^ — 


dkh*{k)h{k) = 


+ 1 


k^ - 


(144) 


This shows that for large frequency the spectrum of the fluctuations of the 
macroscopic position q(t) around the solution of the classical equation of 
motion diverges as the frequency increases; the average qhif) over a time 
interval r has the effect of damping such fluctuations. For fc ~ 2/r we have 
simply Ghh ~ 1.7/rP. 

Finally let us observe that, if in (113811139]) hrit) is identihed with h{t — tr) 
with h{t) given by (I14ip and tr — tg large with respect to r , the matrix 
results positive and nearly diagonal and eq. (12^ remain a good approxima¬ 
tion. 


5.2 Scalar Field 

We assume again (eq. (ll04l) ) 

^x)p= {[d^(p{x),[d>^(p{x), p]] - m^[(p{x),[(p{x), p]]) (145) 
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and set 


% 1 
/C(x, j)p = C{x)p--j{x){^{x), p}-— 


(fx' Gm{x-x') j{x) j{x') 


where 


Gmix — x') = -—— 
^ ’ {2tiY 


(Ykv— - e-^k,{x-xr 

pi — rn^ 


is the solution of the equation 

(□ — nY) Gm{x — x') = 5‘^{x — x') 


j l^Q IVQ' 

( 146 ) 

( 147 ) 


( 148 ) 


and therefore the inverse of the differential operator (□ — m?) under the 
appropriate restrictions. 

Then, it can be checked that the compatibility condition (1801) is still satis- 
hed and all developments of the above subsection can be repeated with ob¬ 
vious modihcation, using the functional integrations as dehned by eq. fl90|l . 
In this way, we arrive to the corresponding expression for the CFO, that 
directly in the continuous notation we can write 


{Pf, (Tf\Q{(Tf, (Tq] [j]) Po\Pf, = 

/ r rVF t-Fp 

{¥^ 0 , f^olPolv^o, c^o) / 

*J *J 

exp f - p) d^^{p - p) - riY{p - p'f] 

J ao ^ 

+ / d^x’j{x)Gm{x - x') 3 {x’) + 

2 47 

+ ^{d^pd^p - rrYp'Y - ]^{d^p' d^p> - mV^)| , (149) 

where the functional integrals are dehned as in fl90|l . but for convergence e has 
to go to 0 faster than 5. As a consequence, now, only the Fourier components 
of p{x)-, '^'{x) and j{x) with = (/cg — k^) > m? give contribution in the 
limit.In analogy with the preceding case, in practice,we may simply restrict 
the external source j{x) by the condition 


J d‘^x d‘^x'j{x) Gm{x — x') j{x^) > 0 . (150) 
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From eq. (11491) we can derive the expression for f(cTi?, do; [0(a;)]) as a 
functional of the classic held 0(x) . In the operator form we can write 

f((TF, cTo; [0(x)])p = exp j (151) 

(x) - <^(x)) a'"(0(x) - (p{x)) - m^{(t){x) - ^{x)f] ] p ■ 
exp{-| j d^x [a^(0(x)-<^(x))9'"(0(x)-<^(x))-m^(0(x)-<^(x))^]| . 

Eqs. and have to be replaced with 

{(t)h{x)) = (<^h(x))QM (152) 

and 

{{(t^hix) - {(t)h{x))f) = ^Ghh + {{‘Ph{x) - {ph{x))f)^^ , (153) 

with 

G.. = /aA'Mx)G™(x-x')Mx'), (154) 

where it must be again Ghh > 0 and a permitted choice would be e.g. 

h{x) = A cos kt, (155) 

now with sufficiently larger than , k > — and A = 2^ 3 (note 

that in natural unity we may signihcantly assume r 3> a). With such choice 
Ghh ^ 2_^2 (^ ~ ffi 1) ^nd, if fc we have Ghh 0-2 ^q,3/j2 • 

6 Electromagnetic field 

If we want to introduce in a similar way a classical held in the case of 
the electromagnetic (e.m.) held, the form of C{x) is uniquely determined 
by Lorentz and gauge invariance, independently of a requirement of energy- 
momentum conservation. 

We must set 

G{x)p = I [Fh^x), [F^^''{x),p]] = 

= {[E\x), [E\x),p]] - [B\x), [B\x),p]]) , (156) 
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where 


= d^A^,{x) - dyA^{x) 

= pQi = -eiji Fji. (157) 


Eq. fll56p corresponds again to coefficients aj of both signs in (|3]) or 
fl38|) . So we are in a situation similar to the cases considered in sec. 5. 

Actually we can set 


F{x, jp{x))p = C{x)p + 




(158) 

dV j^(a:) - x')j^{x')p, 


'CFQ 


where G^^{x — x') is the Green function relative to the differential operator 
acting on the potential A^{x) in the equation of motion. This obviously 
depends on the gauge we use. 

If we dehne Gq{x — x') as in fll47p with m = 0, in fhe Coulomb Gauge 
we have 


G00 (x - x') = ^: 6(t - t '), G^Hx - x') = G^ix 

dvr |x - x'l ^ ^ 

G'-^{x -x') = - Goix - x') = 

- ^ (fl - - \ p]_p-ikix-x') 

- (47r)4y^H *^ k2 

and in a generic Lorentz gauge 


x') = 0, 


(169) 


GT(x - (1 - A) p4 . (160) 

with the A specifying the specihc gauge. 

For consistency the classical source must be assumed to satisfy the con¬ 
tinuity equation 

dp3^{x) = 0 (161) 

and, in analogy with the cases of the harmonic oscillator and of the scalar 
held, we can avoid an explicit reference to the complicate lattice formulation 
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if we introduce the further restriction 

j d‘^x d^x' {x - x')j^{x') = j d^j*{k)Gf^''{k)j^{k) < 0. (162) 

Under this assumption we can show that we can construct an operational 
density f(tF, ^o; = d^a'^{x) — d''a^{x) being the classical e.m. 

held and a^{x) the classical tetra-potential, and from this to derive a positive 
probability distribution on the space of the histories of the classical held. 
On the other side we shall also see that eq. fll56p is consistent with local 
conservation of energy and momentum. 

These results hold both for the free e.m. held and for spinor Electrody¬ 
namics, what is much more interesting. Even i this second case only the e.m. 
held is treated as continuously monitored and interpreted as a classical held, 
no reference is made to matter quantities. We shall treated separately the 
two cases. 

6.1 Free field 

The density of Lagrangian is 

L{x) = -i F,,(x) = i (E=(i) - (163) 

and the energy momentum tensor 

fZ{x) = + -^g^'^Fp^pP^ . (164) 

Specihcally 

T”(i) = i (E" + B^), r»yi) = (E X B)i. (165) 

In the Coulomb gauge we have the conditional equations 

ylo(a;) = 0, V-A(a;) = 0, V ■ E(a;) = 0. (166) 

and the Quantization rules 

[i*(^,x), i^(t,x')] =0, [E*(t,x), Ppt,x.')] = 0 

[E*(t,x), i^(t,x')] = . (167) 
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From these we can derive the commutation relations for the held 


= 0 , = 0 

[&{t,x.), B\t,x')] = x') , (168) 


which are independent of the gauge. 


From ea. f|168|) follows immediatelv that A lx. iJx)) 
(1156lll58p satishes the consistencv relation 

as given by eqs. 

(x, jp{x )), A (x', jp(x'))] = 0 

(169) 

on a spacelike surface and also at equal time 


C'ix')fZ{x) = 0. 

(170) 

Consequently 


S,{TZ(x))qm = 0 . 

(171) 


According to standard methods for path integral in gauge held theories 
the CFO takes the form 


{AF,aF\G{o-F, ctq; [jp])\Ap, aF) = const J V^^Aq (172) 

[ (Ao, aol^lA', ao) VA 5[V ■ A] VA' 5[V ■ A'] 

J J Ao JA'g 

exp^"' d'x - F'n) + - F^Fn- 

--(/!'■ +A"-)+ —y dVF(x)G>‘-(x-x')Mx')j , 

where consistently with (I161|l we can assume 

jo(a:)=0, V-J(x) = 0 (173) 

and then fll59p becomes 

Jd*kf(k)(^S„-^'^]j{k)P^^ y'<i‘A^|j(«:)|2pl>0, (174) 

which essentially implies that timelike k prevail on spacelike ones. 
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From fll72p we obtain by the usual procedure 

cTo; [ap(x)])p = (175) 

= y (5[V ■ j] exp y j d^xjf,{x) Q^ap, (Jq] [j])p = 

= exp I j [ d^x [ff,u{x) - F^^(x)][/^‘'(x) - p 


exp <( ^ / [f^,u{x) - F^^{x)][f^''{x) - F^'^(x)] \ , 


which is obviously positive. 


6.2 Spinor Electrodynamics 

Now let us consider the more signihcant model of spinor electrodynamics 
and assume as classical variables the e. m. held components alone as in the 
free case. 

Any number of Dirac helds could be included in principle, however for 
simplicity we shall explicitly write only one held. We stress that we do not 
consider any classical variable relative to the Dirac held and any observation 
on the system is supposed to be expressed in terms of modihcations on the 
classical e. m. held (see App. D an explicit discussion). 

The Lagrangian density of the system is 

L{x) = -^ - ^{'ipYdp'ip - dpi^Yi’) - 

We shall use the same convention as in the preceding subsection and shall 
operate again in the Coulomb gauge. Then instead of (11661) we have 

V • A(x) = 0, but V ■ E(x) = eipYi’ (1^7) 

and E(x) = Et(x) + El(x) with 

EtW = -(^^, El(x) = -VA»(x), 

/!"((, x) = - A / 7—^ y'l ^ (178) 

Att J |x-y| 
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The basic commutation rules for the e. m. field are again given by eqs. 
fll67lll68p with the electric field replaced by its transverse part E]^{x). The 
remaining commutation rules are obviously 

X), X')} = X), x')} = 0 

x), x')} = 7°/3 ^^(x - x') , 

x), i*(t, x')] = x), i*(f, x')] = 0 (179) 

and so 

x), x')] = x), , x')] = 0 . (180) 

From the preceding equations there follow immediately 

x), i°(t, x')] = - ^ x) 

x), i°(t, x')] = ^ I-x) (181) 

47r |x — X I 

and 

[A^{t, x), A^{t, x')] = 0, [i°(f, x), E^(t, x')] = 0. (182) 

Then, 01681) holds also for the total e. m. field, as should be by gauge 
invariance, A^{t, x) and consequently the longitudinal and the total electric 
fields commute with a bilinear expression of the form '^^(f, x')'^^(f, x') 

[E\t, x), '0„(f, x')^/’/ 3 (t, x')] = 0. (183) 

Since only the e. m. field is introduced as a classic variable jC{x) and 
IC{x,j) are again as defined by eqs. 01561 I158p and the restriction on j^{x) is 
again expressed by eq. 0162p . The CFO and the density of operation remain 
of the form 01721) and 0175p but with the free e. m. Lagrangian replaced by 
the complete Lagrangian 01761) . the functional integral understood even on 
Clifford field V’ and 'ijj, evolution of the operators in the Heisenberg picture 
intended with respect to the total Hamiltonian H = H^ra + Hjy + iLint- 

Correspondingly the energy momentum tensor can be written 

= TZ(x) + TS‘(x) + i;C(x), (184) 
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where is again of the form 


I , T 




A , ^ 


- dpi^Yi’) - mipY (185) 


and 


TZ{x)=g^^'^e^YMp- (186) 

Then from the commutation rules (11671116811179111831) one can immediately 
check that again 

C'{x')f^''{x) =Q. (187) 

and so the local energy momentum conservation remains valid in the form 


a^(f''"(x))QM = 0. 


(188) 


also in this case. Similar conservation equation obviously are valid for the 
electric charge, the barionic number, etc. 

Notice that the counterpart of fll72p can be immediately rewritten in a 
generic Lorentz gauge as 

(Ai?, Cf, CrF|^(o'F, CTq; [ip])|A)r, Cf) = 

= ^ / ^croAoT>croAo(Ao, Co, o-qIpoIAq, Co, c^o) 


CoC^ 

f^Ap 


VAV%IjV%Ij / VAViIj^ViIj^ 


' Ao 

pC 7 F 


exp / d*x I- F' )(P'“' - F'n) 


'O-Q 




r<^F 


« ^ j^(x) G^^{x - x') j^(x')+ 


•(TO 


+i[Leff(A, 'll;, Y - Leff(A', Y, V’')]} , (189) 

where Co, Co, Cf, Cf specify initial and hnal states of the spinor held. 


Leff(A, i), Y = L{A, -0, Y - 


( 190 ) 


and GY{x — x') dehned by eq. (I160p . 
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Finally let us consider the fluctuations of the classical e. m. held around 
its expectation value. Formally we can write 

6 S 

1 ... 1 




= 7 ^ - x') + 9(t - t') - Tr Af^{x)Q{a, a') {Ai,{x'), Q{o\ cro)po} 

z7 2 L 


+ 


^ 7(a:')^((T', cr) {A^{x), Q{o, cro)po} 

= ^G^,y{x-x^) + {A^{x) Ay{x'))(^M, (191) 

27 

if t' is sufficiently close to t, and 

{ft^Ax) fpa{x')) = ^ Gy„{x - x') - df.d’^ G^p{x - x')- 

-du dpGpa{x - x') + du da Gpp{x - x')(x - x')] + 

+ {Fp^{x) Fpa{x’))q;M- (192) 

Then, let us set ^ciass(a^) = foi{.x), Bl^^^{x) = \eijifji{x) and 


Eft(x) = J dV h(x - x') Eciass(x') Bft(x) = J d x'h{x - x')Bciass{x'), 

(193) 

with h{x — x') as in fllSSp . Obviously we have 

(Eciass(a;)) = (E(x))qm , (Bciass(a:)) = (B(x))qm (194) 

and, again for ~ 2/r, 


{{El-{El)Y) = - / d^kV 


^2 _ l2 
fin 


27 


fc2 


^-\Kk)\^ + m-{Ei)Y)^M 


0.2 

7 r 


+ YK-{ei)Y) 


QM 


(195) 


A similar equation can be derived for B 


h' 


7 Conclusive consideration 

In conclusion we have shown on three different models that it is possible 
modify the formalism for the continuous monitoring of macroscopic quanti- 
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ties in Quantum Theory in such a way that the basic conservation laws are 
preserved. 

As we mentioned the idea is that Quantum Theory should be modified by 
introducing certain basic macroscopic quantities, that are formally treated 
as continuously monitored, but are actually thought as classical quantities or 
beables. These are supposed to have well determined values at each time and 
in terms of modifications of them any other observation should be expressed. 

Obviously the most significant of the models we have proposed is the spinor 
electrodynamics, in which the macroscopic electromagnetic field components 
are considered as classical. Even this to be made realistic should be extended 
at least to the so called particle Standard Model. In the usual formulation 
of the latter, in which the Higgs is treated as elementary, this may be not 
a trivial task. The difficulty comes from the occurrence of terms quadratic 
in the e.m. potential in the boson sector of the theory. However there are 
some important properties of the model that should remain valid in a more 
complete theory; let us briefly discuss them. 

First of all, note that it is implicitly built in the eqs. (1231127p (that remain 
valid at least as good approximations) that, when applied to a small num¬ 
ber of particles, the formalism reproduces the usual quantum theory. Two 
essential modifications occur: 

1 ) only observables that can be expressed in a modification of the above 
macroscopic field have to be considered; 

2 ) the usual unitary evolution has to be corrected by the action of the 
mapping Q{t, to) on the initial density operator pita). 

In the context, small number of particles means compatible with a negligible 
macroscopic e. m. field. 

A detailed discussion of the question is given in App. D. Here we want 
rather comment the meaning of the two statements. 

Point 1). This should raise no problems. In fact, practically all our parti¬ 
cle detectors work in terms of e. m. effects, that by appropriate amplifica¬ 
tion reach the macroscopic scale. In last analysis, even in the spirit of von 
Neumann psycho-physical parallelism, the states of our brain related to our 
perceptions are expressed in terms of membrane potentials, action potentials, 
charge distributions and so on. 
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Point 2). The entity of the corrections to time evolution is controlled by 
the value of the constant 7 , that has to be intended as a new fundamental 
constant of nature It is clear that, since ordinary quantum theory works well 
for few particles, 7 should be small. On the other side in eq. fll94p 7 occurs 
in the denominator of the variance of the held. Now it is clear that, in order 
the all idea to make sense, such variance has to be negligible at some typical 
macroscopic scale. That is for some reasonable values of r and a in fll94p 
and some appropriate Etyp or Btyp we must have 

((E, - {E,))^)/E?^p « 1, ((B, - {B,)r)/Bl, « 1. (196) 

This provide us the lower bound 

7»0.2/(Ej,pTo3) , ( 197 ) 

and a similar for Btyp. To see what this means let us take E^yp ~ B^yp as 
the value of equilibrium inside a cavity at ordinary temperature T = 300 K 
and e. g. r = 1 ms = 3 x 10^ cm, a = 1 fim = 10“*^ cm. For the density e. m. 
energy the Stefan-Boltzman law gives in natural units 

u{T) = 7.56 X 10"^® erg cm"^ = 2.39 x 10^ cm"^ . (198) 

Then, setting 

E?yp ~ B^yp ~ m(300 K) = 1.44 X lO'* cm"" , (199) 

eq. (11971) becomes 

7 > 5 X 10-^® (200) 

which should not raises problems too. 

Second, to make a comparison with the collapse models, let us observe 
that from the mathematical point of view our proposal corresponds to a spe- 
cihc choice of the “dissipative” term in the Liouville-von Newman equation, 
dropping the positivity requirement at the price of restricting the class of the 
observables.The result is the possibility to reformulate the theory in such a 
way that the interference terms among macroscopic states do not decay but 
are conceptually suppressed. 

Finally let us stress that an equation of the type (jl]) breaks temporal in¬ 
version invariance and this should have astrophysical and cosmological con¬ 
sequences. Possibly it is just by such a kind of consequences that a theory of 
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this type could be tested and the new fundamental constant 7 determined. 
More in general, for what concerns experimental tests see e. g. the discussion 
in [9] for the case of collapse models, that in part should apply even to the 
present one. 
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9 Appendices 

A Path integral for the harmonic oscillator 
amplitude 

Reintroducing the mass explicitly the Lagrangian of the harmonic oscillator 
can be written 



( 201 ) 


and we have for the ordinary transition amplitude for an inhnitesimal time 
integral 



{Q' 1 t + e|Q, t) 


( 202 ) 


Then, in our notation the path integral expression for a finite time interval 

is 


(Q, t|Qo, to) = J dQ, dQ2... dQ^_^, 



( 203 ) 


the limit for large N being obviously understood. 
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The above integral can be explicitly performed step by step and we obtain 


(Q, t\Qo, to) 


mu 


27ii sin cur 


exp <imu 


+ Ql) cosUT - 2QQo 


2 sin UT 


where t = t — to [IT] . 


(204) 


To prove this is sufficient to observe that fl204p reduces to fl202|) for an 
inhnitesimal interval and it reproduce itself after a further inhnitesimal step 


{Q', t + e\Qo, to) = J dQ {Q', t + e\Q, t){Q, t\Qoto) = 

£ <=>‘P {if [(7 - 

-2 ({<?' + Qo) Q + ca 1 = 

mu! Iimf I (Q'^+Qq) cosa;(T+£) -2Q'Qo 

27Ti sinuj{t-\-e) [ 2sinaj(T+e) 


(205) 


up to terms of order in the last equality. 

For real m, actually the the above integral would be undetermined and it 
is usually made well defined by performing an infinitesimal rotation in the 
t complex plane. On the contrary, note that, due to the prevalence of the 
term - in the coefficient of everything becomes perfectly defined if we put 
m = with /i > 0, independently of the sign of the other two terms. Then 
the situation becomes strictly similar to the one encountered in eqs fl65p and 
( 1 ^ . 


B Positivity of the basic matrix 


Let us denote by the n x n matrix 


KffW = 


>(n), 


/I-A -1 

0 

0 

0 \ 

-1 2 - A 

-1 

0 

0 

0 -1 

2 -A ... 

0 

0 

0 0 

0 

2-A 

-1 

V 0 

0 0... 

-1 

1 / 

X n obtained by suppressing the last 

row 


(206) 


and by the matrix obtained by suppressing the hrst row 
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and column in Obviously, with reference to the main text, we 

have Kij = K\^\e^oj‘^). 

Let us further denote by D^, Dm -D„ the determinants of 

— (hi) 

and (0) respectively. By developing them with respect to the first row, 
we obtain the recurrence relations 

Dn = Dn-l — Dn-2 , D^ = D^-l — 5^-2 , D^ = 2 D^-l — Dn-2 ■ (207) 

By induction from the last equation we have 

Dn = n + 1 (208) 

and by using such result from the second and the first equation 

Dn = l and L>n = 0. (209) 

Let us now consider the matrix and note that this is positive, 

since all its principal subdeterminants are of the type Dp or Dp with p < n 
and so their are positive (we call principal determinants those obtained sup¬ 
pressing any number of rows and the corresponding columns in the original 
determinant). Then the eigenvalues of are all positive and are given 

by the roots of the polynomial 

detK\f{X)=dei{K\f{Q)-\5ij)=Ao-AA+A2\^-... + {-\T-\ (210) 

where the coefficients Aq, Ai, ... are expressed as sum of principal determi¬ 
nant and are again positive. In particular we have 

Ao = Dn = l, Ai = bn-i + {n-2)Dn-2 = 2{n-l). (211) 

Notice that, in order the matrix be itself positive, A must be smaller 

than the minimum eigenvalue Am of and, since A 2 > 0, it must be 

Am > Aq! Ax = l/2(n — 1). Then, if 

(212) 

Kij = is certainly positive, as we stated. 
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C Fourier transform of the interpolating con¬ 
tinuous world line 

Let us consider the continuous function defined in the entire interval {to, tp) 
by 

Q{t) =Qj_i + {t-tj_i)^^—^^ for te{tj-i,tj), (213) 

for every j = 0, 1, ... N. This function interpolates the values Qj and makes 
the exponential in eq. fl68|l identical to those in eq. fl66|l up to to a terms of 
order of e coming from the potential part of the action. 

The Fourier coefficients of such function are given by 

4 = ^ dt Q(() = Ehy (214) 

‘5^ € + {Qi» - Qi) i (cos ken - . 

The first term in the above expression is important for small k but it is of 
the order of e, the second term is of the order of unity and it is important 
for Zee ~ TT and so for \k\ 3> ca if e <C —. Consequently the region \k\ < uj 
gives a vanishing contribution for e —?• 0 (N —)■ cxo). 


D Ricovery of ordinary Quantum Mechanics 
for a small system 

In the perspective of the paper any observation on a system has to be 
expressed in terms of the modification that the system induces on the classical 
e. m. field. 

Let us consider, e. g., a system of a small number of particles characterized 
by a certain set of invariants (a total electric charge, baryon number, lepton 
number, etc) to which we shall refer as the object system. Let us assume 
that such particles interact freely among themselves during a certain interval 
of time (ta, tfe). We admit any kind of rearrangement inside the system, 
exchange of energy and momentum, production or destruction of particles, 
but no interaction with the external environment during such interval of time. 
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We assume that at the time ti, the system comes in contact with an appa¬ 
ratus, by which the specihc type of hnal particles, their momenta, energies 
etc. can be detected. To be specihc we may think of the apparatus as a set of 
counters, hlling densely a certain region kept under the action of a magnetic 
held. 

Both the object system and the apparatus in their specihc states must 
be thought as states of the same system of helds and can be expressed as 
appropriate composed creator operators applied to the vacuum state. Let us 
denote by \u 2 (t)), ... and \Ui(t))] \U 2 (t)), ... two orthogonal basis in 

the subspaces of the object system and of the apparatus and write 

\uj{t)) = a](t)|0) \Ur{t)) = iUt)|0), (215) 

a}j(t) and A^j(t) being ordinary Heisenberg picture operators. 

Then let us assume the object system alone to be described at the initial 
time ta by the statistical operator 

P^{ia) = ^ \Ui{ta))Pij{ta){Uj{ta) \ = 

ij 

= '^d^{ta)\0)pij{ta){0\ai{ta) ■ (216) 

ij 

The assumption the system to be small implies that the classic e. m. held 
stays negligible in the region occupied by the system until this does not come 
in contact with the apparatus. So at the time tb we have 

P°(4) = G{tb, ta){^dl{ta)\0)pij{ta){0\dj{ta)} = 

= '^dl{tb)\0)pij{tb){0\dj{ta) , (217) 

ij 

where 

P?j{tb) = {Ui{tb)\G{tb, ta){^dl{ta)\0)pkl{ta){0\dl{ta)}\Uj{tb) ■ (218) 

kl 

Similarly let be 

P^ita) = 5]]^J(^a)|0)Prs(ta)(0|Hs(4) (219) 
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the initial state of the apparatus. In this case we can assume that the counters 
remain in their charged states corresponding to the classical e. m. field 
having certain specihc stable values inside them until any interaction with 
some external object occurs. Again this corresponds to the classical world 
history of the electric held Eciassic(^, x) falling with certainty in a set Mq G 
being null the probability of occurrence of the complementary set Mq. 
Then 

T{Mo-,tbta)p^{ta) = G{tb, ta)p^{ta) ( 220 ) 

and 

p(h) = 5^4(«»)|0)p*(ii){0|i,(4) (221) 

rs 

with again 

ptM = (C'r(ii)|e(4, ij |^il(«a)|0)p^,(4)(0|i,(ij| ■ (222) 

Since we have assumed that the object and the apparatus do not come in 
contact before U, during the interval (ta, h) they must evolve independently 
and at the time tb for their compound state we have 

{tb)Al{tb)\0)pfj{tb) pt{tb){0\As{tb)aj{tb) = 

ij rs 

\ui, Up, tb)pfj{tb) p^,{tb){uj, UsUbl . (223) 

ij rs 


In a subsequent time interval {tb, tc), as consequence of the interaction with 
the particles of the object system some of the counter shall discharge and 
every specihc pattern of discharged counters is interpreted as corresponding 
to certain specihc particles with specihc energies and momenta present in the 
system. Then, if we denote by G the set of classical e. m. world histo¬ 
ries corresponding to the parameters specifying the particles types, energies, 
momenta etc. falling in a certain set T, we have 


p{T, tb) = P{tc, tb, N) = 

Tr[J^(tc, tb, N) p^{tb)] = Fj,j{T, tb) pfj'ih), (224) 

jj' 
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which is positive and can be confronted with fll3p and where obviously 


tb) = Ur{tb)\F{tc, h; l«i(4), Usih)) 

ir f ss' 

pt'itb){Uj{tby, U’M\} \Ui{tb), Uritb)) . (225) 

To be more explicit let us assume that the vectors \uj{tb)) already corre¬ 
spond to a specifications of the of the state of the particles at the time tb 
and Nj G the corresponding pattern of discharge of the counters, we can 
write 


tb] Nj)p^{tb) = 

= P%{tb)Q{tc, tb){'^\uj, Ur] tb)pt{h){uj, Us]tb\}. (226) 

rs 

from which, since Q{tc, tb) is trace-preserving, it follows 

Pj{tb) = P{tc, tb] Nj) = Tr{J'(fc, tb] Nj) p^{tb)} = 

= pg(4)Tr{^ \uj, Ur] tb) p^Miuj, Us] tb\} = pfjih) , (227) 

rs 

that is the prescription of usual elementary Quantum Theory up to the cor¬ 
rection introduced in (12191) by the action of the mapping Q(tb, to). 
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